As was recently shown by the authors, quantum probability theory can be used for the modelling of the process of decision-making (e.g. probabilistic risk analysis) for macroscopic geophysical structures such as hydrocarbon reservoirs. This approach can be considered as a geophysical realization of Hilbert's programme on axiomatization of statistical models in physics (the famous sixth Hilbert problem). In this conceptual paper, we continue development of this approach to decision-making under uncertainty which is generated by complexity, variability, heterogeneity, anisotropy, as well as the restrictions to accessibility of subsurface structures. The belief state of a geological expert about the potential of exploring a hydrocarbon reservoir is continuously updated by outputs of measurements, and selection of mathematical models and scales of numerical simulation. These outputs can be treated as signals
Introduction
In our recent article [1] , it was shown that the axiomatics of quantum theory can be used for modelling predictions about the behaviour not only of genuine quantum systems such as photons and electrons, but even of macroscopic geological structures such as hydrocarbon reservoirs.
From the very beginning, it is important to remark that the quantum theory is characterized by a huge diversity of interpretations. We shall use the information interpretation by which the basic quantum principles can be derived from natural information-theoretical principles [2] [3] [4] [5] [6] [7] [8] ; for the axiomatic formalization, see the series of works of the school of D'Ariano, e.g. [3, 6, 7] . This purely information approach to the quantum formalism opens the door to its applications outside of quantum physics. We shall proceed with the subjective interpretation of quantum probabilities which was established in quantum Bayesianism (QBism); e.g. [9] .
The main reasons for appealing to the axiomatics of quantum theory (especially for probability and measurement) are the huge complexity, variability, heterogeneity and anisotropy of subsurface geological structures. The uncertainty of geophysical measurements is strongly reinforced by the inaccessibility of these structures. In practice, we cannot describe completely the static and dynamical properties of the whole reservoir as 'they are in Nature', i.e. irrelevant to the precision and exactness of performed measurements and assumptions behind modelling. Roughly speaking, there are no 'hidden variables' determining intrinsic features of a reservoir, features independent of measurement procedures and mathematical models. Even the space structure is subject to the beliefs of a decision-maker working on petroleum projects. The typical geological structure of a hydrocarbon reservoir is multifractal; e.g. [10] [11] [12] [13] . A decision-maker cannot identify exactly the concrete multifractal structure on the basis of collected statistical data (without essentially changing the reservoir's properties). The same can be said about other geological parameters.
Thus a decision-maker evaluating the production potential of a hydrocarbon reservoir operates not with 'objective physical quantities', but with his beliefs about their possible values. These beliefs are based not only on the experimental statistical data, but also on the model used for the description of the reservoir. There is also a mismatch between the scales of observations and numerical simulation which make biased the multiscale and multiphysical data up-and downscaling during petroleum reservoir characterization.
Decision-making about the potential of a hydrocarbon reservoir (and in general a subsurface geological structure) has a high degree of uncertainty and risk [14] [15] [16] [17] [18] [19] . This uncertainty is not only of an objective nature. It is also related to subjectivity of the decision-making. Results of measurements are analysed and modelled by human experts, and decisions (regarding, for example, the outcomes of oil well drilling) are based on subjective probabilities assigned by the experts working on petroleum, geological or geophysical projects [14, [17] [18] [19] .
For non-experts, the use of the subjective probability theory for estimating risk in geology can be surprising and unexpected. In contrast with, for example, insurance or social science, geology is commonly treated as an objective physical theory, say as a domain of classical statistical physics. But this is not the case! The decision-making and probabilistic risk analysis (PRA) are heavily based on assignment of subjective probabilities to basic characteristics of a hydrocarbon reservoir. These probabilities represent the measure of beliefs of experts. We can point to the works of Tartakovsky & Winter [17] , Tartakovsky [18] and Sandersen [14] ; see also references therein. There is the common opinion that the perspectives of exploring 'intelligent hydrocarbon fields or wells' will not result in acceptable control of uncertainties unless the next important step towards coupling of the analysis of geological, geophysical and petrophysical data with the general theory of decision-making is executed [1] . An important step towards this coupling was done by Baddeley et al. [19] . In that paper, decision-making in geology was compared with decision-making in economy, psychology and cognitive science. Baddeley et al. [19] stressed the role of biases in experts' decisions about the potential of exploring hydrocarbon reservoirs and the subjectivity of such decisions.
We remark that recently the quantum representation of subjective probability has started to be widely used in mathematical modelling of decision-making; e.g. monographs [20] [21] [22] [23] [24] [25] and references therein. It was demonstrated that decision-makers in the process of approaching a decision can use non-classical Bayesian inference which can be modelled as quantum Bayesian inference. The latter differs essentially from Bayesian inference based on classical probability; e.g. [20, [25] [26] [27] . These studies can be considered as confirmation of the model of the quantum probabilistic (in logical terms, non-Boolean) processing of information by decision-makers. Hence, it is natural to start applying this model not only in psychology or economics, as was done before [20] [21] [22] [23] 25] , but even for decision-making in engineering and, in particular, in petroleum science and more generally in geology. We also remark that the monograph of Melucci [24] is devoted to applications of the quantum probabilistic formalism to information technology, namely, information retrieval (IR). Such quantum-like IR systems have been tested for a variety of databases and they are in the process of technological implementation. Such systems are based on the quantum Bayesian update implemented on classical computers (and with classical algorithms). Our project is similar to the project on quantum-like IR. But we are interested in more complex problems of decision-making than IR.
'What is the main reason for the success of quantum-like modelling of decision-making?' One of the main features of the process of decision-making is its contextuality, context dependence of observables (questions, tasks). In purely probabilistic terms it means that a decision-maker operates not in a single Kolmogorov probability space, but in a bunch of such spaces corresponding to a variety of incompatible contexts [10, 25] ; see also Accardi [28] [29] [30] for foundational issues. Quantum theory provides a powerful mathematical formalism to model contextual probability. Therefore it is natural to apply it to decision-making based on contextdependent probabilities [20] . In geological decision-making, probabilities depend crucially on contexts and some of these contexts are incompatible. For example, one bunch of drillings, say A, provides evidence in favour of one special undersurface structure, but another bunch of drillings, say B, provides evidence in favour of another structure (e.g. two different types of multifractals). Moreover, there is a kind of non-commutativity effect. By boring the A-bunch, we change essentially the parameters of the undersurface structure, and the output of the B-bunch drilled after A differs from its output if B were drilled first. An expert has to operate with such context-dependent data, and quantum probability is a good tool to model his actions.
Although traditionally experts in geological risk analysis have been using classical Bayesian inference, in their works one can find clear signs of dissatisfaction about decision-making based on classical probability and measurement theories. For example, we can cite Tartakovsky & Winter [17] who emphasized the analogy between quantum and geological uncertainty.
We still lack both theory and practice-and perhaps, the will-to deal realistically with basic observational quantum systems limits. Groundwater hydrology would be deterministic if we knew conductivity and all other parameters at every point in an aquifer. For that matter, we could solve the Navier-Stokes equations directly if we knew the exact geometry of the porous space. Although raw computer power is enough to solve most practical problems in fluid mechanics, including those involving turbulence, the situation is different in hydrogeology. Our ability to model subsurface flow and transport is severely undermined by lack of information, a problem that cannot be resolved with more computational resources. Enhanced site characterization also has its limits. For the foreseeable future, we cannot know the detailed properties of an aquifer without destroying it, and even that might not be enough for a complete characterization. While the basis of hydrogeologic uncertainty is epistemological, it is no less fundamental in our field than is the Uncertainty Principle a (physical property) in particle physics.
We remark that here Tartakovsky & Winter, by mentioning 'basic observational quantum systems limits', point to limits established by the methodology of quantum measurement theory and not to quantum limits for geophysical measurement devices. It is interesting that Tartakovsky & Winter [17] pointed out that one of the pitfalls in the application of subjective probability-based Bayesian inference in geological decision-making is that various studies, e.g. Kahneman et al. [31] , show that 'in making predictions and judgements under uncertainty, people do not appear to follow the calculus of chance or the statistical theory of prediction. Instead, they rely on a limited number of heuristics that sometimes yield reasonable judgements and sometimes lead to severe and systematic errors' [32] . Precisely this problem with the classical probabilistic background of decision-making, which was enlightened in the works of cognitive psychologists, led to the use of quantum probability as an alternative to abandoning the probabilistic approach to decision-making at all [20] [21] [22] [23] [24] [25] . We also remark that expression of the quantum interference of probabilities in the form of violation of the formula of total probability played a crucial role in establishing quantum probability-based decision-making [20, 21, 25] . Interesting arguments related to inapplicability of the classical formula of total probability play an important role in PRA in geology [18] . Here the formula of total probability is replaced, e.g. by a rare-event approximation formula [33] . Modifications of the formula of total probability are treated as a consequence of the impossibility to implement the Boolean structure on the family of events, e.g. related to contamination of an aquifer [18] . Finally, we mention the paper of Liu et al. [34] devoted to application of quantum neural networks to modelling decision-making in geology.
We remark that creation of the axiomatics of quantum probability is closely related to Hilbert's sixth problem about axiomatization of physical theories [35] [36] [37] , especially those having probabilistic grounds [35] : 'The investigations on the foundations of geometry suggest the problem: To treat in the same manner, by means of axioms, those physical sciences in which already today mathematics plays an important part; in the first rank are the theory of probabilities and mechanics'. Hilbert dreamed for the mathematically rigorous probabilistic representation of all physical theories [35] : 'As to the axioms of the theory of probabilities, it seems to me desirable that their logical investigation should be accompanied by a rigorous and satisfactory development of the method of mean values in mathematical physics, and in particular in the kinetic theory of gases'.
This problem of rigorous mathematical formalization of the method of mean values plays a crucial role in advanced research on subsurface structures. The averaging of measurements (known now as 'big data') is one of the main problems of numerical modelling of naturally fractured reservoirs (NFRs) and the corresponding prognosis models of NFR behaviour in space and time. The everyday question for a petroleum engineer can be formulated as follows: 'Which type of mean value of a studied variable is representative of commonly heterogeneous and anisotropic porous media: the arithmetic, geometric, harmonic or some other?'
The industry does not have a unique or convincing answer to this question that is of great importance for modelling. But the problem is still deeper. If we compare the porosity of two experimental images of seismic (mega-scale) and X-ray tomography (micro-scale) on the space position inside the NFR (figure 1), the porosity is changing in all directions with not always clear spatial (and temporal) patterns. (These two measurements can never be accomplished simultaneously as real physical measurements.) Which average value should we calculate by the common statistical techniques? And when do we do this? The answers to these questions play a crucial role for some type of prognosis of the space-time distribution of petrophysical properties. In figure 1 , we present the simple experimental evidence for non-commutativity of some observables in NFRs (seismic amplitude distribution (figure 1a-c) and X-ray energy propagation across the undisturbed carbonate rock sample (figure 1d-f )). Our multiscale toy model of the NFR as a complex dynamical system visualizes the non-commutativity of physical variables (figure 1a,b,d,e), as well as of their spatial map, which is useful to construct prognostic numerical models based on the spatial variability of numerical maps (figure 1c,f ).
Quantum theory is one of the Hilbert-type axiomatizations of physics representing special calculus of probabilities: quantum states are represented by density operators and observables by Hermitian operators (more generally by quantum instruments; see Ozawa [39] ). This axiomatization was very successful and the quantum theory is one of the most powerful theories providing probabilistic predictions for the results of experiments.
Notwithstanding, how can the traditional theory of probability be applied to real, highly heterogeneous and anisotropic porous media? Is it really useful for concrete decision-making during the design of hydrocarbon exploration-exploitation programmes? Can we ensure (and how can we?) that the new oil/gas well we recommend to open will cross the fracture corridor shown in figure 1b?
One may say that we need more experimental evidence which would justify the use of the non-commutative algebra of observables that we are introducing in the petroleum sciences. In principle, we can appeal to the common assertion that non-commutativity can be explored to formalize mathematical uncertainty. But, in spite of the very promising research of Terence Tao [40] , the inverse question is still not frequent: 'Do uncertainty, heterogeneity and anisotropy mean the non-commutative behaviour of measurements and observables?' To design an intelligent hydrocarbon field, we are ready to introduce the quantum approach to understand the physics of complex, nonlinear systems and prognosticate how the NFR evolves over space and time. Tao [41] underlined that: '[Bernhard] Riemann worked on an abstract theory of curved space without notion that Einstein would one day need them for his theory of general relativity; it's what Eugene Wigner famously called "the unreasonable effectiveness of mathematics in the physical sciences"'. Note that now today the curvature of the seismic field is one of the most important parameters for 'sweat point' (reach with hydrocarbon prognosis).
We remark that the problem of axiomatization of quantum probability was studied in great detail; e.g. Accardi [28] [29] [30] . In particular, Accardi emphasized the role of the Bayes 'axiom' in classical probability theory, the Bayes formula defining conditional probability, and compared formalizations of conditioning in classical and quantum theories of probability. (For the reader's convenience, we recall the Bayes formula: P(E|C) = P(E&C)/P(C), for P(C) > 0.) Accardi's analysis led to viewing quantum theory as a new theory of Bayesian inference [28] [29] [30] . This viewpoint plays a fundamental role in our applications of quantum Bayesian inference to decision-making in geology [1] as well as in other areas of research.
In our modelling, the quantum theory is treated as an epistemic theory [2] . It is about resolving uncertainty in knowledge about some object (in our case a hydrocarbon reservoir) through measurements. This is a non-classical machinery of probability inference. We recall that approaches to quantum theory which treat quantum states as expressions of information, knowledge, belief or expectation are called epistemic interpretations. As was stressed, we proceed in the epistemic framework. It has to be pointed out that there are many realist interpretations of quantum states, e.g. the many-worlds interpretation or the Växjö interpretation (a realist contextual interpretation); e.g. [20] .
In [1] , the process of decision-making in geology was modelled by using quantum Bayesian inference. In this paper, we shall proceed with the dynamical version of the quantum update of probability based on the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation [42] . In our model, this equation describes the evolution of experts' beliefs about a geophysical structure. This dynamical approach to decision-making was developed in a series of works of Asano et al. [25] . The output of this dynamical decision process can also be modelled more straightforwardly with 1 . The multiscale toy model of a naturally fractured oil reservoir. Texel is defined as the minimum homogeneous element of the surface or volume extracted by texture analysis of (a-c) the original seismic data, as well as (d-f ) the X-ray microtomography image. The skeletonization of seismic and tomographic images shows the interfaces of seismic amplitudes (b) and X-ray energy patterns. The very first version of the corresponding algorithm was written by Rieutord [38] . Numerical models were constructed from the original big data matrices of known sizes (c and f ). (Online version in colour.) the aid of the theory of quantum instruments [35] . (This approach to the modelling of the process of decision-making can be extended on the basis of the general theory of quantum stochastic processes [43] As was already emphasized, in decision-making probability is typically interpreted as a subjective probability; see [14] [15] [16] [17] [18] [19] for decision-making about geological projects. In particular, we cite Sandersen [14] : 'Geological models, however, need special attention because of the high degree of embedded subjectivity. Typically, the subjective aspect of the geological interpretations is so dominant, that it will overshadow the uncertainties related to the datasets'. Therefore, even in quantum probabilistic modelling in geology [1] it is natural to proceed with the subjective interpretation of probability. The latter is known as QBism; e.g. [7] for the latest and complete presentation of the basics of QBism; see also the works of Fuchs & Schack [26, 27] . We remark that this is a conceptual paper. Our aim is to present the formal scheme of quantum dynamical update of probability in the process of decision-making about geological projects. This is the first attempt to apply the theory of open quantum systems in geology. Further development of this approach will be directed to determination of the concrete operator coefficients in the GKSL equation modelling the dynamics of an expert's state in the process of decision-making. This is a complex problem and its solution can be approached through joint and consistent efforts of researchers working in quantum probability and information and geophysics.
Application of the mathematical apparatus of the theory of open quantum systems to modelling decision-making in geology
Bayesian inference is one of the basic tools of decision-making, in particular, in geology. However, the applicability of this tool presumes the possibility to construct a classical probability model for data (in logical terms, to define the Boolean structure on the family of events related to risk analysis of, for example, contamination of an aquifer [18] ). As was discussed in the introduction, geological data are characterized by a high degree of contextuality. Therefore, in general, data are represented as a bunch of Kolmogorov probability spaces corresponding to incompatible contexts [20, 25] . In such a multi-space probabilistic framework the applicability of classical Bayesian inference is questionable (see the introduction for the works of geologists pointing to this problem).
In such a situation, it is natural to use generalized Bayesian inference applicable to contextual probabilities. The lattice of quantum propositions (which is mathematically represented as the lattice of orthogonal projectors in a Hilbert state space) is endowed with the quantum Bayesian update of states based on the projection postulate. The Born rule connecting quantum states and probabilities generates the corresponding update of probabilities. (By following QBism, we can treat these states as the belief states and probabilities as subjective probabilities of decisionmakers.) This projection postulate-based Bayesian inference can be explored for decision-making; see [20, 21] (cognition and psychology), [22, 23] (economics and finance), [25] (genetics and microbiology), [24] (information retrieval) and [1, 34] 
(geology).
However, as is well known, in quantum probability theory the projection state update is only a very special type of update [39] . The most general class of state and probability updates is given by the theory of quantum instruments [39] . These are updates corresponding to generalized measurements represented by so-called positive operator-valued measures (POVMs). The role of such state updates in the general theory of decision-making was emphasized by one of the co-authors of this paper [44] .
The components of the theory of quantum instruments (POVMs; generalized observables and quantum channels; state transformations) arise from the theory of open quantum systems [36] describing the interaction of a system R with surrounding environment E as the results of partial tracing with respect to the degrees of freedom of E. In particular, by starting with unitary state dynamics for the compound system R + E, we can obtain the dynamics ρ(t) of the state of R. In general, this dynamics is very complicated. Therefore its Markovian approximation given by the GKSL equation is typically applied. This equation represents the (continuous-time) state update and, hence, the corresponding probability update.
We recall that, in the information approaches to the quantum theory, the states are interpreted epistemically as the states of knowledge. According to QBism the expression the state of a system R has to be interpreted as the state of beliefs of an agent making decisions about possible behaviour of the system R. In the open quantum systems approach to decision-making, E is the information environment of this agent. Thus signals from the information environment update the state of R (the state of beliefs of an agent about possible behaviours of R).
QBists use this belief interpretation of a quantum state for decision-making about possible outputs of quantum measurements. This methodology was extended to applications to the general theory of decision-making in [45] , and its coupling to the theory of quantum instruments and open quantum systems was established in [25] .
We recall that, in the classical probabilistic framework, the Bernstein, von Mises and Aumann theorems guarantee convergence of posteriors in a series of updates, under mild requirements. There are no quantum analogues of such theorems (moreover, as was shown in [46] , Aumann's theorem is violated for quantum Bayesian update).
To resolve this problem, Asano et al. [25] proposed to use the results on 'stabilization of solutions of quantum master equations (treated as the continuous quantum Bayesian updates) to the steady states which are treated as the decision states'. In this paper, we propose to use this approach in geological decision-making. Example 2.1. Let M be an n × n matrix with complex coefficients and let M* = M and M 2 = I, where I is the unit matrix. Consider the operator G acting in the space of matrices defined as
, where [M,R] = MR−RM is the commutator of two matrices. This is the simplest form of the Lindblad generator (see §3) which was widely used in quantum optics long before the GKSL equation was written by mathematicians. Consider the dynamics
where γ > 0 is the parameter determining the time scale. For the pure initial condition, ρ 0 = |ψ 0 ψ 0 |; the solution of this equation can be found as the simple analytical expression
The solution stabilizes to the mixed state
(We remark that increase in the scale parameter γ implies an increase in the speed of stabilization.) In this example, the impact of the initial state is not washed out. Illustrative examples of dynamics for which the steady state ρ ∞ does not depend on the initial state will be presented in §4 (but with numerical simulation).
Thus the quantum master equation in the approximate form of the GKSL equation describes the evolution of the belief state ρ(t) of an expert who has to make a decision about the potential of hydrocarbon reservoir R. The state is represented by a density operator (a quantum analogue of the classical covariance operator of random fields; cf. [47] ).
Information encoded in the density operator ρ(t) is not limited to information about the physical parameters of the geological structures in the reservoir R. It includes also information about the geological structures of the surrounding geological environment; in particular, the structures of capillary networks, vugs and fracture-connected patterns in rocks. (We recall that a vug is a cavity in rock, lined with mineral crystals.) Moreover, ρ(t) includes such purely subjective components as the description of the used mathematical models, the scales of observations and numerical simulation, costs of preventing contamination of R by water and so on.
Here is a good place to mention that the remarkably highest connectivity of micropores was observed by us in the meteorite (Chicxulub 1 ) impact rocks of carbonate reservoirs with extreme hydrocarbon productivity potential. Note that this type of porosity (black in figure 1a,b) is similar in appearance to the well-known Hilbert and Moore fractal curves (http://demonstrations.wolfram. com/HilbertAndMooreFractalCurves/).
The still open question of decision-making in geology is: 'How and when will these geophysical (or petrophysical) measures of porosity versus permeability (poroperm) become the main decisive features for the final decision-making in petroleum and generally geological/geophysical exploration programmes?' The straightforward approach based on classical probability has its limits resulting from the huge complexity and variability of the Measurement devices can also be treated as a part of environment E. They interact with reservoir R and their outputs modify the belief state of an expert. Measurements also contribute to the state dynamics. The density operator ρ(t) is not a detailed description of a hydrocarbon reservoir R 'as it is'. The latter is not approachable by a geologist team performing analysis of R; in the same way as the 'real state' of an electron is unapproachable by experimenters performing quantum measurements. The density operator represents a so-called epistemic state, the state of knowledge of experts about the reservoir R.
We remark that the generator G of the GKSL equation, formally written aṡ
consists of two terms: Hamiltonian H describing the intrinsic dynamics of the state of R and the Lindblad operator L describing adaptation to the environment E. Thus G = H + L. The mathematical form of the Lindblad operator L is determined by the theory of open quantum systems [42] . It is given by the expression
Here each operator C j represents some environmental factor influencing the dynamics of oil and water in a petroleum reservoir R. For example, one of these C j can represent the geometry of rock layers surrounding R. Other operators say C porosity and C permeability represent porosity and permeability structures in R's neighbourhood. The operator description of these structures is not reduced to numerical coefficients. The operators C porosity and C permeability can be represented by matrices with non-trivial structures.
One of the possible representations for the operator C porosity (or the operator C permeability ) can be based on matrices of correlations between porosity (permeability) at different points of R's environment E. These are coefficients representing the geological structure of the surrounding physical environment-as it is possible to do on the basis of available observations and properties of the corresponding geological model. Other coefficients can represent gaining of information from R through measurements. For example, some C drill;k can represent the process of the gain of information about R through the drill numbered by k. 
Modelling of decision-making with the aid of a quantum master equation
The GKSL equation has the forṁ
The real positive coefficient Γ j encodes the strength of influence of the environmental factor j on the dynamics of the reservoir's state ρ. These coefficients determine the scales of interactions between the state of R and the corresponding environmental factors. As was emphasized above, our measurement procedures are treated as a part of the geological environment E surrounding the reservoir R. The corresponding coefficients Γ j represent the degree of interaction between our measurement devices and R. For a 'natural' Hamiltonian H and Lindblad operator L, the state ρ(t) stabilizes to some steady state ϑ. This state represents a stable information configuration for the hydrocarbon reservoir R. The dynamics of the density operator ρ(t) can be considered as the dynamical update of an expert's beliefs about R. The steady state ϑ is the final state representation of beliefs based on information gained from his interactions with the information environment E of reservoir R. By using the steady state ϑ geo-experts have to make the final decision about this hydrocarbon reservoir. The information encoded in the steady state ϑ is of a probabilistic nature. The diagonal elements of the matrix of the density operator ϑ, in the basis corresponding to the decision operator, give the probabilities in favour of the corresponding decisions. (Later, this general scheme of decision-making based on dynamical evolution of R's state will be illustrated by an example for the dichotomous, 'Yes' = 1, 'No' = 0, decision.)
In the mathematical model, stabilization of the state ρ(t) to the steady state ϑ takes place for t approaching infinity. Of course, in a real geological context this stabilization takes finite time: after some time interval fluctuations of the state ρ(t) become relatively small, they can be ignored and the state ρ(t) can be treated as approximately equal to the steady state ϑ. This is a good place to discuss in more detail the notion of a state in the quantum formalism. Two types of states are considered: pure and mixed states. Pure states are represented by normalized (by one) vectors of a complex Hilbert space H. This space is called a state space, although the meaning of (pure) states is assigned only to normalized vectors. Pure states encode uncertainty in determination of the system's features. The meaning of such quantum representation of uncertainty can be explained by using the notion of a superposition of states.
Consider the simplest situation such that an expert is interested only in two bits of information about the hydrocarbon reservoir R, e.g. it can be recommended for exploration or not. These situations are represented as two states denoted as |1 , |0 and belonging to H. For simplicity, consider twodimensional state space H, i.e. (|1 , |0 ) is the orthonormal basis in H. (This is the qubit space of quantum information theory.) For a concrete instant of time, the information about this reservoir is in general in a superposition of two states: |1 , 'to explore', and |0 , 'not explore'. This state is given by the linear combination
where c 1 and c 0 are complex amplitudes representing potentiality: to explore and not explore R. This potentiality can be expressed in probabilistic terms by using the Born rule of quantum theory:
We can introduce the decision operator, A = x 0 P 0 + x 1 P 1 , where x j = j and P j is the projector onto the state |j . As x 0 = 0, this operator simply equals the projector P 1 . Then the probabilities in favour of possible decisions are given by the equality p j = P j ψ|ψ .
We remark that the complex amplitudes encode the potentiality for exploring the concrete reservoir R. And p 1 and p 0 = 1 − p 1 are probabilities for the individual events: that this concrete R is reasonable to explore or not. 
Denote it by the symbol P ψ . Then the probabilities, 'to explore or not' the hydrocarbon reservoir R, can be represented in the form: p j = Tr P ψ P j .
Besides the pure states, 'pure states of uncertainty', the quantum formalism uses socalled mixed states representing classical probabilistic mixtures of pure states. Mixed states are represented by density operators. If the state of the hydrocarbon reservoir R (expert's beliefs) is given by the density operator ρ, then the probabilities for possible decisions about R can be written as p j = Tr ρP j .
Thus, by knowing the state ρ(t) of R (beliefs about R) at the moment t, we can find the corresponding probabilities:
However, in general, they fluctuate with time and decisions about exploring R also fluctuate. Therefore experts have to wait until (relative) stabilization of ρ(t) to the steady state, which provides the ground for the final decision. This 'waiting time', the interval of time of dynamical evolution of ρ(t) before its relative stabilization towards ϑ, consists of the time needed to collect all possible information about the hydrocarbon reservoir R and its environment E, analysis of this information and processing of this information towards the decision.
This approach to decision-making about exploring hydrocarbon reservoirs can be considered as the first step towards the creation of an intelligent decision-making system. Its functioning is based on a few steps: The dynamical process of decision-making typically leads to resolution of uncertainty encoded in the pure initial state given by the density operator ρ 0 = P ψ (the projector onto this pure state). This resolution of uncertainty (in our case: 'explore or not explore') is expressed as decreasing of the absolute value of the off-diagonal terms of the density matrix (with respect to the orthonormal basis consisting of eigenvectors of the decision operator A).
We shall use the following measure of decoherence (resolution of uncertainty):
where N is the dimension of the state space. This measure is 0 (the minimum) when the state is pure and 1 (the maximum) for a density matrix ρ with equal (diagonal) elements 1/N. Note that 1 -Tr(ρ 2 ) can be easily seen (remembering that the trace is basis-independent) to be 0 when the state is pure and to attain its maximum value only for a density matrix ρ with diagonal elements equal to 1/N. In any basis, the maximally mixed state ρ is the identity matrix I multiplied by 1/N. So, the diagonal elements of ρ 2 are 1/N 2 and Tr(ρ 2 ) = N · (1/N 2 ) = 1/N.
Numerical simulation
To illustrate stabilization of solutions of the GKSL dynamics and especially to model the process of decoherence, we consider a simple master equation in C 2: where, as an illustrative example, we selected the operator coefficients as
The initial conditions were selected as pure states ψ = √ p|0 + 1 − p|1 with p = 0, ½ and 1. The dynamics of the diagonal terms is presented in figures 3-5. These terms stabilize to concrete probabilities p 1 ≈ 0.22, p 2 ≈ 0.78. The curves for the diagonal matrix elements of the quantum(-like) state describe the process of the continuous update of probabilities for the possibility to explore R.
One of the important features of this dynamics is that the output probabilities do not depend on the initial state ψ representing uncertainty of the expert about the possibility to explore this hydrocarbon reservoir R. Thus statistical data collected from measurements generate such updates of the expert's state (representing his uncertainty about R) that the expert approaches the same (probabilistic) prediction, independently of the initial state ψ. Figures 3-5 represent curves only for three fixed choices of the state ψ determined by the probability parameter p. However, we performed extended numerical simulation showing the same behaviour for states determined by the parameter p with sufficient fine-tuning of p (and even for states with non-trivial phases between the two alternatives represented by states |1 and |0 ). Moreover, consideration of mixed states given by the density operators does not change the situation: washing out the impact of initial uncertainty. Such dynamics (eliminating the influence of the initial state) is common for the wide choice of Hamiltonians and Lindbladians. However, we can present many examples of dynamics with outputs depending on the initial state of uncertainty; see example 2.1.
We stress that the quantum update of probabilities differs crucially from the classical one. In particular, in the process of classical Bayesian inference, by starting with a zero prior probability, it is impossible to obtain (through updates based on new experimental data) a non-zero probability. In our numerical experiment, we see that in the quantum case it is possible. For example, the choice of the parameter p = 0 in ψ corresponds to a zero initial probability, p 1 = 0. However, the output of the (continuous dynamical) probability updates is non-zero p 1 ≈ 0.22.
In the example under consideration, the off-diagonal term does not go to zero (figure 6); so the steady-state matrix is not diagonal with respect to the basis |0 , |1 of the initial state It is interesting to analyse the behaviour of the measure of decoherence D(ρ(t)); figure 7. At the first stage of the process of decision-making, it increases. It means that the expert's belief state deviates from a pure state. We remind the reader that pure states are interpreted as representing complete information. Thus an expert is less sure that she has complete information. Then the measure of decoherence D(ρ(t)) decreases. The belief state approaches closer to a pure state. The expert has started to be sure that complete information is finally collected. This leads to the diminution of fluctuations of the density operator and in particular probabilities.
Open system approach to risk analysis in oil reservoirs
As an illustrative example of the application of our formalism, in paper [1] we considered the problem of decrease in risks of premature water or gas breakthrough in wells. We compared the classical and quantum Bayesian approaches to PRA in oil reservoirs. Classical PRA for oil reservoirs (cf. [18, 33] ) is based on the construction of a minimal Boolean algebra of events. We are interested in the event oil well invasion by water (WIW). It can be decomposed into events of the failures of its components such as: -SO, oil-spill occurrence which is related to the well invasion by water, -FNA, failure of natural attenuation, -FRE, failure of a remediation effort, and their negations, NSO, NA, RE; see article [18] for details. The WIW event has the following Boolean expression:
This representation is used to compute probability P(WIW) by using the additivity of the classical probability measure: P(WIW) = P(SO ∩ (FNA ∪ FRE)) = P(SO ∩ FNA) + P(SO ∩ FRE) − P(SO ∩ FNA ∩ FRE).
This formula, in spite of its simplicity and straightforward derivation, contains the hidden pitfall. To apply it successfully, an expert in PRA for oil reservoirs has to be able to compute disjunctions of complex events. Typically, in real PRA this is impossible. Therefore, the classical Bayesian PRA is based on the application of various approximations. One of the main advantages of the quantum Bayesian approach is that here it is possible to proceed without conjunctions.
In this paper, we apply the quantum dynamical approach to PRA. It can be treated as a continuous-in-time quantum Bayesian update of the state ρ(t) of knowledge about the reservoir. This continuous update is described by the GKSL equation. Its operator coefficients encode the information about the geophysical environment E surrounding the reservoir R and the physical processes of interaction of R and E.
Following [1] , we represent the expert's state in the four-dimensional complex Hilbert space H with the orthogonal basis (e NA , e FNA , e RE , e NRE ) corresponding to the events (NA, FNA, RE, FRE). Consider the Hermitian operator X with eigenvectors (e NA , e FNA , e RE , e NRE ). We remark that the pure belief state ψ of an expert (encoding beliefs about possible causes of water invasion into the oil well) can be expanded with respect to this basis: ψ = e NA , ψ e NA + e FNA , ψ e FNA + e RE , ψ e RE + e FRE , ψ e FRE .
However, the GKSL equation does not preserve purity 2 ; figure 7 . Therefore, we have to consider the dynamics of the density matrix ρ(t) = (ρ ij (t), i, j = NA, FNA, RE, FRE).
We now consider the decision (Hermitian) operator Θ acting in this four-dimensional state space. It represents the dichotomous observable corresponding to the oil well invasion by water; denote the eigenvalues of Θ by the symbols (θ WIW , θ NWIW ). The first one labels the event water invasion into the oil well and the second labels the negation of this event. As Θ acts in the four-dimensional space, its spectrum is degenerate. By reason of symmetry, it is natural to assume that eigensubspaces have equal dimension. The operator Θ is represented with the aid of the projectors onto eigensubspaces corresponding to its eigenvalues: Θ = θ WIW E WIW + θ NWIW E NWIW . Then the probability of the event water invasion into the oil well is given by the formula p WIW = lim Of course, an expert has to finish estimation of the probability of the event WIW in finite time.
She cannot wait until all fluctuations die. Therefore the approximation for sufficiently large T is used: p WIW ≈ p WIW (T). Such T is determined from the condition of diminishing fluctuations of the matrix elements (in fact, fluctuations of the probability p WIW (t). We remark that figures 3-6 represent only the rough picture of the behaviour of matrix elements. By using a finer time scale, we would see a variety of small spikes on the basic curves of these figures).
Conclusion
We presented a model of dynamical PRA for the exploration and management of hydrocarbon reservoirs based on the theory of open quantum systems. This model can serve as the theoretical base for the creation of an automatic system for decision-making. We set the conceptual foundations for the development of such a system for the continuous update of the belief state of an expert. Of course, its concrete realization is a complex problem (derivation of the proper quantum master equations).
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